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For an ellipsoid the eigenfunctions of the electrostatic integral operator and its
adjoint are governed by the Lame polynomials. It is shown that the arithmeticÂ
mean of the eigenvalues corresponding to the maximum number of linearly
independent eigenfunctions of equal order is the same for the ellipsoid as for the
sphere. Q 1999 Academic Press
1. INTRODUCTION
With respect to the three-axial ellipsoid
x 2 x 2 x 21 2 3
E: q q s 1 1Ž .2 2 2a a a1 2 3
which may degenerate to an oblate or prolate spheroid or a sphere, we will
be concerned with the eigenvalue problems for the electrostatic and adjoint
Ž . Ž .electrostatic integral operators T , T 9: C E “ C E given by
1 › 1
T« x [ « y dS y s l« x , x g E, 2Ž . Ž . Ž . Ž . Ž .H < <2p ›n y y xE x
1 › 1
T 9m x [ m y dS y s lm x , x g E, 3Ž . Ž . Ž . Ž . Ž .H < <2p ›n y y xE y
respectively; the external unit normal of E is denoted by n . After a general
w x Ž . Ž .result of Plemelj 7 , all eigenvalues of 2 and 3 are real, lying in the
w x Ž . Ž .interval y1, 1 . The solutions of 2 and 3 are closely related: If m is an
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Ž .eigenfunction of 3 with eigenvalue l, then « s pm is an eigenfunction of
Ž .2 with the same eigenvalue l and vice versa,
p x s n x , x , x g E, 4Ž . Ž . Ž .Ž .
w xbeing the support function of E 8 . Hence we may restrict ourselves to
Ž . Ž .one of the problems 2 or 3 and, for some convenience, we will focus on
Ž .3 .
The physical background of the eigenvalue problems considered here is
Ž . Ž .as follows. For l s y1 the solutions of 2 and 3 are « s p and m s 1,
respectively, where the first one describes an electric charge distribution in
equilibrium on the ellipsoid E; i.e., there is no electric field induced into
w x Ž .the solid ellipsoid D bounded by E 6 . If for an eigenvalue l g y1, 1 a
Ž .solution m of 3 is harmonically extended from E to D, then grad m
forms a magnetic dipole distribution in equilibrium in D with energy level
Ž .Rayleigh quotient
1 q l
L s , 5Ž .
2
wthus providing a model of permanent magnetism for the solid ellipsoid 8,
x Ž . Ž .9 . We add that l s 1 is not an eigenvalue of 2 and 3 .
For the case of a sphere, as is well known, the operators T and T 9
Ž . Ž .coincide where 2 and 3 are completely solved by all spherical harmon-
ics; in particular, the spherical harmonics of order n G 0 belong to the
eigenvalue
1
l s y 6Ž .n 2n q 1
with multiplicity 2n q 1. For the oblate and prolate spheroids the com-
Ž . Ž .plete solutions of 2 and 3 are contained in different articles of Ahner,
w xArenstorf, Dyakin, and Raevskii 1]3 . For the fully three-axial ellipsoid
w x Ž .Ritter 8, 9 has shown that 3 is completely solved by all ellipsoidal
Ž .harmonics Lame polynomials ; note that there are exactly 2n q 1 linearlyÂ
w xindependent Lame polynomials of order n G 0 5 .Â
Ž . Ž .In the context of studying the eigenvalue problems 2 and 3 , a
conjecture has arisen by which the sum of the eigenvalues belonging to
2n q 1 linearly independent eigenfunctions of order n G 0 is equal to y1,
each eigenvalue counted with its multiplicity. In other words, the arith-
1metic mean y of such eigenvalues coincides with that for the sphere2n q 1
Ž .6 and thus remains unaltered while the sphere is deformed into an
ellipsoid. Up to now, this spectral property has been proved for both
wspheroids and, in the cases of n s 0, 1, 2, 3, for the three-axial ellipsoid 8,
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x w x10 . Numerical computations have been presented in 4, 10 . In the
following a full proof of the conjecture will be given.
2. A PREPARATORY LEMMA
LEMMA 1. If K , H are spherical harmonics of orders n ) s, thenn s
K x › H xŽ . Ž .n s
dS x s 0, 7Ž . Ž .H 2 nq1 ›n< <xE
Ž .the integration being taken o¤er the ellipsoid 1 .
Proof. Let the ellipsoid E enclose a sphere S of radius R ) 0 concen-
tric to E. The points y g S are easily mapped into the points x g E by
y
x s . 8Ž .
2 2 2 2 2 2'y ra q y ra q y ra1 1 2 2 3 3
< <xObserving that x s y we haveR
< < n < < sy1x x
K x s K y , grad H x s grad H y ;Ž . Ž . Ž . Ž .n n s sn sy1R R
Ž .furthermore with regard to 4 , the normal of E can be expressed by
1 x 2 x 2 x 21 2 3
n x s p x grad q qŽ . Ž . 2 2 2ž /2 a a a1 2 3
< < 2 2 2x y y y1 2 3s p x grad q q ,Ž . 2 2 2ž /2 R a a a1 2 3
and the surface elements of E and S are connected by
< < 2p x x xŽ .
dS x s n x , dS x s dS y .Ž . Ž . Ž . Ž .2ž /< < < <x x R
Ž . Ž .Carrying out the substitution 8 , the integral to the left in 7 thus
becomes
1 y › H y y › H y y › H yŽ . Ž . Ž .1 s 2 s 3 s
K y q qŽ .H n2 n 2 2 2ž /› y › y › yR a a aS 1 2 31 2 3
Ž .nys r2y12 2 2y y y1 2 3
= q q dS y .Ž .2 2 2ž /a a a1 2 3
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For odd n y s ) 0 this integral obviously vanishes by reasons of symmetry.
For even n y s ) 0 the integral over S vanishes as the integrand consists
of a product of a spherical harmonic of order n with a homogeneous
w x Ž .polynomial of lower order n y 2 5 . Thus 7 has been shown.
3. THE SPECTRAL PROPERTY
THEOREM 1. For any 2n q 1 linearly independent Lame polynomials ofÂ
order n G 0, considered as eigenfunctions of the adjoint electrostatic integral
operator for the ellipsoid, the sum of the corresponding eigen¤alues is equal to
y1.
Ž . Ž .Proof. Let D be the closed solid ellipsoid corresponding to 1 and let
Ž .L be the quantity 5 . Then a function m continuously differentiable in D
Ž .and harmonic in D which satisfies 3 is due to
1 › 1
Lm x s m x q m y dS y , x g D ; 9Ž . Ž . Ž . Ž . Ž .H < <4p ›n y y xE y
Ž .for both sides of 9 are harmonic in D and by means of the limiting
relations for dipole potentials, continuously extendable from D to D by
the same boundary values
1 q l 1 › 1 1
m x sm x q m y dS y y m x , x g E.Ž . Ž . Ž . Ž . Ž .H < <2 4p ›n y y x 2E y
Ž .By means of Green's integral formula 9 is equivalent to
1 1 ›m yŽ .
Lm x s dS y , x g D. 10Ž . Ž . Ž .H < <4p y y x ›nE
Next K i, i s 1, . . . , 2 j q 1, denotes the basis for the linear space ofj
spherical harmonics of order j G 0 which is obtained from the real and
imaginary parts of
j y k !Ž .
j j k ikwD P cos q , 2 D P cos q e , k s 1, . . . , j,Ž . Ž .j j( j q k !Ž .
D , q , w being three-dimensional polar coordinates and P , P k, k s 1, . . . , j,j j
the Legendre polynomials and the associated Legendre functions of order
j G 0, respectively. Hereby the addition theorem for the Legendre func-
w xtions can be written as 5
2 jq1x , yŽ .j j i i 3< < < <  4x y P s K x K y , x , y g R _ 0 . 11Ž . Ž . Ž .Ýj j jž /< < < <x y is1
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Ž .With regard to 11 , there is the development of the reciprocal distance
j 2 jq1 i i‘ ‘< <1 x x , y K x K yŽ . Ž . Ž .j js P s 12Ž .Ý Ý Ýjjq1 2 jq1ž /< < < < < <y y x x y< < < <y yjs0 js0 is1
which, for x in some vicinity of the origin, uniformly converges for all
Ž . Ž .y g E. Hence after inserting 12 into 10 , the integration over E may be
carried out termwise:
2 jq1 i‘ 1 K y ›m yŽ . Ž .j iLm x s dS y K x . 13Ž . Ž . Ž . Ž .Ý Ý H j2 jq1½ 54p ›n< <yEjs0 is0
Now let
Gm s H m q H m q ??? , m s 1, . . . , 2n q 1, 14Ž .n n ny2
be 2n q 1 linearly independent Lame polynomials of order n G 0 repre-Â
sented by spherical harmonics H m, H m , . . . of orders n, n y 2, . . . ,n ny2
respectively, the sum ending with H m or H m according as n is odd or1 0
w xeven. The theorem of Niven 5 assures that the spherical harmonics
H m , . . . are completely determined by the spherical harmonics H m, m sny2 n
1, . . . , 2n q 1, which on their part must be linearly independent. In partic-
ular, if
C H 1 q ??? qC H 2 nq1 s 0 15Ž .1 n 2 nq1 n
holds with constants C , . . . , C , then with the meaning of the differen-1 2 nq1
tial operator
› 2 › 2 › 2
2 2 2D [ a q a q aE 1 2 32 2 2› x › x › x1 2 3
it follows that
1
1 2 nq1y C D H q ??? qC D H s 0, 41 E n 2 nq1 E n2 2n y 1Ž .
1
2 1 2 2 nq1C D H q ??? qC D H s 0, 16Ž . 41 E n 2 nq1 E n2 ? 4 2n y 1 2n y 3Ž . Ž .
,
Ž . Ž .and further by addition of 15 and 16 that
C G1 q ??? qC G2 nq1 s 0;1 n 2 nq1 n
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so C s ??? s C s 0. If the spherical harmonics H m, m s 1, . . . , 2n1 2 nq1 n
q 1, further are represented by
2nq1
m m iH s a K , m s 1, . . . , 2n q 1, 17Ž .Ýn i n
is1
then, because of linear independence, the coefficients obtained are subject
to
det a m / 0. 18Ž .Ž .i
Ž .With respect to the solid ellipsoid D, the Lame polynomials 14 have allÂ
the properties mentioned before for the function m in D. Especially, they
Ž . msolve the eigenvalue problem 3 where we denote the eigenvalues by ln
Ž . mand the corresponding quantities 5 by L , m s 1, . . . , 2n q 1. Thus byn
Ž . Ž .inserting 14 into 13 and comparing the terms of order n we obtain
Lm H m xŽ .n n
2nq1 i1 K y ›Ž .n m m is H y q H y q ??? dS y K x ,Ž . Ž . Ž . Ž .Ž .Ý H n ny2 n2 nq1½ 54p ›n< <yEis1
m s 1, . . . , 2n q 1. 19Ž .
m Ž .Here with regard to Lemma 1 we may omit all terms H y q ??? . If,ny2
Ž . Ž . i Ž .furthermore, 17 is inserted into 19 and terms with K x , i s 1, . . . , 2nn
q 1, are compared, then it follows that
2nq1 i k1 K y › K yŽ . Ž .n nm m mL a s dS y a ,Ž .Ý Hn i k2 nq1½ 54p ›n< <yEks1
i , m s 1, . . . , 2n q 1. 20Ž .
Ž . mFrom 20 the quantities L , m s 1, . . . , 2n q 1, turn out as the eigen-n
ŽŽ . Ž ..values of a 2n q 1 = 2n q 1 -matrix where the corresponding eigen-
Ž m m . Ž .vectors a , . . . , a , m s 1, . . . , 2n q 1, because of 18 are linearly1 2 nq1
independent. Hence the sum of the eigenvalues, each counted with respect
to its multiplicity, can be computed as the trace of the matrix
2nq1 2 nq1 i i1 K x › K xŽ . Ž .n nmL s dS x . 21Ž . Ž .Ý Ý Hn 2 nq14p ›n< <xEms1 is1
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Ž .Using the addition theorem 11 for y s x, we have
2nq1 i 2nq1› K x 1 ›Ž . 2ni iK x s K xŽ . Ž .Ý Ýn n›n 2 ›nis1 is1
< < 2 n < <1 › x › x2 ny1< <s s n x ,
2 ›n ›n
Ž .and insertion into 21 gives
2nq1 < <n 1 › x n › 1
mL s dS x s y dS x s n. 22Ž . Ž . Ž .Ý H Hn 2 < <4p ›n 4p ›n x< <xE Ems1
Ž . Ž .Finally, from 5 and 22 the assertion follows as
2nq1 2 nq1
m ml s 2L y 1 s y1.Ž .Ý Ýn n
ms1 ms1
Ž .Remark. The matrix eigenvalue problem 20 may serve as a practical
tool for the determination of ellipsoidal harmonics. It is easily shown that
m w . m w .the matrix is symmetric. As l g y1, 1 , so L g 0, 1 . By the eigenvec-n n
Ž . Ž .tors of 20 the spherical harmonics 17 are determined which by the
Ž .theorem of Niven lead to the ellipsoidal harmonics 14 .
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